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Incompatibility of certain measurements – impossibility of obtaining deterministic outcomes simul-
taneously – is a well known property of quantum mechanics. This feature can be utilized in many
contexts, ranging from Bell inequalities to device dependent QKD protocols. Typically, in these
applications the measurements are chosen from a predetermined set based on a classical random
variable. One can naturally ask, whether the non-determinism of the outcomes is due to intrinsic
hiding property of quantum mechanics, or rather by the fact that classical, incoherent information
entered the system via the choice of the measurement. Authors of [1] examined this question for a
specific case of two mutually unbiased measurements on systems of different dimensions. They have
somewhat surprisingly shown that in case of qubits, if the measurements are chosen coherently with
the use of a controlled unitary, outcomes of both measurements can be guessed deterministically.
Here we extend their analysis and show that specifically for qubits, measurement result for any set
of measurements with any a-priori probability distribution can be faithfully guessed by a suitable
state preparation and measurement. We also show that up to a small set of specific cases, this is not
possible for higher dimensions. This result manifests a deep difference in properties of qubits and
higher dimensional systems and suggests that these systems might offer higher security in specific
cryptographic protocols. More fundamentally, the results show that the impossibility of predicting
a result of a measurement is not caused solely by a loss of coherence between the choice of the
measurement and the guessing procedure.
I. INTRODUCTION
The impossibility of performing a general set of measurements on a fixed quantum state without disturbing it lies
in the heart of quantum theory. This concept is often referred to as the measurement problem [2]. More concretely,
one is not able to perform subsequently a series of incompatible measurements that would attain a well defined result,
irrespectively on the measured state. A well known consequence of measurement incompatibility is the Heisenberg
uncertainty principle [3, 4] which shows the impossibility to specify both position and momentum of a particle with
arbitrary precision. Since this pioneering work, measurement incompatibility has been extensively studied in many
contexts, e.g. uncertainty relations [5–19] or joint measurability [20–29].
The task can be slightly reformulated and instead of performing a series of subsequent measurements on the same
system, the experimentalist performs only a single measurement on a state. The question then is, whether such
measurement can produce a predictable outcome. The answer here is naturally affirmative, if the experimentalist is
also allowed to choose the measured state, as for each projective measurement, its eigenstates produce a deterministic
outcome. The experiment becomes equivalent to the subsequent measurement experiment, if instead of using a single
measurement, the experimentalist is tasked to perform a randomly chosen measurement out of a predefined set and
the goal is to prepare a state which produces deterministic outcomes for all measurements from this set.
With this modification the task can be conveniently rephrased in terms of a guessing game [8]. The players, Alice
and Bob, agree beforehand on a set of measurements that Alice can perform in her lab. Bob then prepares a probe
state and sends it to Alice, who randomly performs one of the available measurements. The question of interest is to
identify the conditions under which Bob is be able to predict the outcome of all Alice’s measurements with certainty.
Clearly, without any information about the choice of Alice, Bob only can guess correctly with probability 1, if there
exists a state that is an eigenstate of all measurements in Alice’s set and additionally, all measurements associate
the same outcome to this state. Only little changes when Bob, after the measurement, receives from Alice classical
information about her measurement choice – here the set of measurements still needs to share a single common
eigenstate, but it does not need to be associated with the same measurement outcome anymore. Bob’s strategy
consists of preparing the common eigenstate as the probe state in the second step of the guessing game. By learning
the specific measurement performed by Alice, Bob guesses the value associated to the probe eigenstate by Alice’s
measurement.
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2One can ask whether the incapability of Bob to learn the measurement result of Alice in other non-degenerate cases,
unique to quantum realm, is caused by intrinsic properties of the quantum theory or by the fact that Bob receives
“only” classical, rather than quantum, information from Alice.
To tackle with this question, one can re-design the guessing game to a fully quantum level as follows. Instead of
letting Alice to choose the measurement randomly on her own, the choice of the measurement is made coherently with
the help of a controlled unitary operation. After performing the measurement, Alice will send the control quantum
system to Bob, sharing with him the information about her choice on quantum level. Now the natural question is to
what extent this can help Bob determine Alice’s measurement outcomes.
Filip Rozpedek et. al. in [1] examined this question for a specific choice of two distinct measurements performed
by Alice in two Mutually Unbiased Bases (MUBs). They have shown that specifically for qubit, Bob can learn with
certainty the outcome of the measurement by sending a specifically designed probe state. They have also shown
that for higher dimensions and two fixed measurements in MUBs, perfect guessing is not possible anymore. This was
intuitively explained by the fact that in the latter case, it is naturally impossible to perfectly determine a measurement
on a higher dimensional system by measuring a qubit.
In this paper we extend the analysis of this game in two main directions. First, we fully characterize the game with
qubit measurements. We show that Bob is always able to predict the measurement result of Alice, even if Alice is
able to choose measurements from an arbitrary large set, with the assumption that he knows the set of measurements
Alice is using and the underlying probability distribution Alice uses to choose them in the experiment. This basically
means that quantum regime with qubits is very similar to the classical scenario.
In the second part we analyze the guessing game with measurements on systems of higher dimensions. By parameter
analysis we show that for larger quantum systems, Bob is not able to learn the measurement result of Alice with
certainty, except for some degenerate cases. This is particularly also true in cases, where Alice uses the same or higher
number of measurements compared to the dimension of Bob’s system. In other words, Bob cannot correctly guess
the measurement outcome even in cases where he receives a quantum system of dimension higher than the number
of possible measurement outcomes. This result therefore undermines the intuition that Bob’s incapability of guessing
the correct outcome is caused by the deficient dimension of the system he receives from Alice.
The paper is organized as follows. In chapter II we rigorously define the guessing game. In chapter III we first
analyze the qubit system under uniform selection of a measurement from an arbitrary set and subsequently we extend
our analysis to non-uniform situations as well. In chapter IV we use parameter counting analysis to show that perfect
guessing is only possible for the set of measurements of measure zero. Particularly, we explicitly show that for a set
of three mutually unbiased measurements on a qutrit the perfect guessing is not possible. We conclude in chapter V.
II. THE GUESSING GAME
The guessing game is schematically depicted in FIG. 1. Alice and Bob agree on a dimension B and a set of A
projective measurements Mi in this dimension. Bob prepares a state |ψB〉 of dimension B and sends the state to
Alice. Alice prepares a state
|φA〉 = 1√
A
A−1∑
i=0
|i〉 (1)
and a set of unitary operations U†i acting on dimension B such that
Ui |j〉 = |Mi〉j , (2)
where |Mi〉j is the state that yields an outcome j, if i-th measurement is performed. Alice now performs a controlled
operation on both states
U |φA〉 |ψB〉 = 1√
A
A−1∑
i=0
|i〉U†i |ψB〉 (3)
and performs a measurement in the computational basis on |ψB〉, obtaining a result a of dimension B. In the next
step, Alice sends the state |φA〉 to Bob and asks him to guess her measurement outcome. In order to produce a correct
guess, Bob measures the state and produces an outcome b.
One can generalize the guessing game by allowing Alice to prepare a more general control state in the form∣∣∣φζA〉 = A−1∑
i=0
ζi |i〉 . (4)
3|ψB〉
|φA〉
Ua
b
Bob Alice
FIG. 1. The guessing game. Bob prepares a probe state |ψB〉 and sends it to Alice. Alice prepares a pure state |φA〉, which is in
conjunction with a controlled unitary U used to implement different projective measurements on Bob’s state. The measurement
outcome of Alice’s measurement is denoted a. Subsequently the control state is sent to Bob, who measures it in order to obtain
a classical measurement outcome b. Bob’s goal is to prepare a probe state such that the probability of a = b is as high as
possible, in the ideal case equal to 1.
Now one can analyze different scenarios. In the first one, the amplitudes ζi are fully known to Bob. On the other
side of the spectrum, Bob doesn’t have any information about ζi and in the intermediate scenarios Bob can have
some partial information about ζi. It is easy to see that complete ignorance of ζi will not allow Bob to guess any
better than in the classical scenario. In order to see this, consider a set of two incompatible measurements without
a common eigenstate. If one of the measurements is chosen deterministically (say ζ0 = 1), Bob has to choose one of
the eigenstates |M0〉j , in order to guess Alice’s outcome with probability 1. On the other hand, for ζ1 = 1 Bob has
to choose one of the eigenstates |M1〉j . Therefore if two measurements do not share an eigenstate and Bob has no
information about ζ0, he cannot guess Alice’s outcome with certainty. In what follows, we analyze the scenarios in
which Bob has at least some partial knowledge of ζi.
III. GUESSING GAME WITH QUBITS
In this section we analyze the probability of correct guessing in scenarios where |ψB〉 is a qubit. In this case |ψB〉
can be parameterized as
|ψ〉 = α |0〉+ β |1〉 , (5)
where we choose α to be real and positive. Let us first consider a scenario, where all the measurements are chosen
with uniform probability. In such a case, Alice has a general state (1) and the set of conditional operations Ui (2) for
each i is defined in a following way:
|0〉 → |ψi〉 = αi |0〉+ βi |1〉
|1〉 → ∣∣ψ⊥i 〉 = β∗i |0〉 − αi |1〉 ,
where again parameters αi are chosen to be real and positive and ∗ denotes complex conjugation. It is straightfor-
ward to see that with suitable parameters αi and βi one can encode any projective measurement on a qubit into a
measurement in the computational basis.
Now we can write down the common state of Alice and Bob after the conditional operation (3) is performed
|Ψ〉 = 1√
A
A−1∑
i=0
[(ααi + ββ
∗
i ) |i〉 |0〉+ (αβi − βαi) |i〉 |1〉] . (6)
4Then Alice performs a measurement in computational basis and depending on her outcome, the state that is sent to
Bob is
|φ0〉 = 1√
A
A−1∑
i=0
(ααi + ββ
∗
i ) |i〉 (7)
or
|φ1〉 = 1√
A
A−1∑
i=0
(αβi − βαi) |i〉 . (8)
Bob can learn the result of the measurement performed by Alice if and only if he can distinguish these two states,
namely if
〈φ0 |φ1〉 = 0. (9)
Here we remind that all the parameters in (7) and (8) are known to Bob, so he knows the full specification of the
states he is trying to distinguish. This is why (9) is a sufficient condition for Bob’s perfect guessing.
Condition (9) can be expressed as a complex equation
1
A
A−1∑
i=0
(ααi + ββ
∗
i )
∗
(αβi − βαi) = 0, (10)
where α and β are variables that can be chosen by Bob and parameters αi and βi are chosen by Alice, but known to
Bob. It remains to investigate under which conditions on αi and βi the equation (10) has a solution.
In what follows we rewrite (10) into a pair of equations involving only real parameters. To do so we define
a = α
ai = αi
b = |β|
bi = |βi|
ϕ = arg (β)
ϕi = arg (βi) . (11)
Using this new set of parameters, equation (10) gets a form∑
i
[aai + bbi (cosϕ cosϕi + sinϕ sinϕi)− jbbi (sinϕ cosϕi − cosϕ sinϕi)]× (12)
[abi cosϕi − aib cosϕ+ j (abi sinϕi − aib sinϕ)] = 0,
where j =
√−1. We can further separate it into two equations for real and imaginary part∑
i
[(aai + bbi (cosϕ cosϕi + sinϕ sinϕi)) (abi cosϕi − aib cosϕ)+
bbi (sinϕ cosϕi − cosϕ sinϕi) (abi sinϕi − aib sinϕ)] = 0 (13)∑
i
[(aai + bbi (cosϕ cosϕi + sinϕ sinϕi)) (abi sinϕi − aib sinϕ)−
bbi (sinϕ cosϕi − cosϕ sinϕi) (abi cosϕi − aib cosϕ)] = 0. (14)
Let us now rewrite (13) and (14) into a form
Xrb
2 + Yrab−Xra2 = 0 (15)
XIb
2 + YIab−XIa2 = 0, (16)
5where
Xr =
∑
i
aibi
(− cos2 ϕ cosϕi − cosϕ sinϕ sinϕi − sin2 ϕ cosϕi + sinϕ cosϕ sinϕi) = −∑
i
aibi cosϕi
Yr =
∑
i
[−a2i cosϕ+ b2i cosϕ cos2 ϕi + 2b2i sinϕ cosϕi sinϕi − b2i cosϕ sin2 ϕi]
Zr =
∑
i
aibi cosϕi = −Xr.
and
XI =
∑
i
aibi
(− cosϕ cosϕi sinϕ− sin2 ϕ sinϕi + sinϕ cosϕi cosϕ− cos2 ϕ sinϕi) = −∑
i
aibi sinϕi
YI =
∑
i
[−a2i sinϕ+ 2b2i cosϕ cosϕi sinϕi + b2i sinϕ sin2 ϕi − b2i sinϕ cos2 ϕi]
ZI =
∑
i
aibi sinϕi = −XI .
It is important to observe that Xr = −Zr and XI = ZI depend only on parameters ai, bi and ϕi and not on variables
ϕ and a.
The set of equations (15,16) can be joined by multiplying (15) by XI and (16) by Xr and subtracting them:
ba (YrXI − YIXr) = 0. (17)
This equation can have a solution in three cases. The obvious two are a = 0 and b = 0. These imply b = 1 (or a = 1
respectively) and thus Xr = XI = 0, which corresponds to a very specific set of parameters of the measurements.
Naturally for a = 0 or b = 0 the value of the complex phase ϕ has no physical meaning.
The interesting case is YrXI − YIXr = 0, which translates to
XI
∑
i
[−a2i cosϕ+ b2i cosϕ cos2 ϕi + 2b2i sinϕ cosϕi sinϕi − b2i cosϕ sin2 ϕi] = (18)
= Xr
∑
i
[−a2i sinϕ+ 2b2i cosϕ cosϕi sinϕi + b2i sinϕ sin2 ϕi − b2i sinϕ cos2 ϕi] .
We can further restructure the equation to
cosϕ
∑
i
[−a2iXI + b2i cos2 ϕiXI − b2i sin2 ϕiXI − 2b2i cosϕi sinϕiXr] = (19)
= sinϕ
∑
i
[−a2iXr + b2i sin2 ϕiXr − b2i cos2 ϕiXr − 2b2i cosϕi sinϕiXI] .
and define the argument
ϕ = arctan
∑
i
[−a2iXI + b2i cos2 ϕiXI − b2i sin2 ϕiXI − 2b2i cosϕi sinϕiXr]∑
i
[−a2iXr + b2i sin2 ϕiXr − b2i cos2 ϕiXr − 2b2i cosϕi sinϕiXI] . (20)
For the specific case of the denominator of (20) being equal to 0 we define ϕ = pi2 .
Now the question is whether, substituting the result of (20) into (15) there exists a solution for b. It is a quadratic
equation with the discriminant
D = a2Y 2r + 4a
2X2r ,
which is clearly non-negative. The solution for b will then be
b = a
√
Y 2r + 4X
2
r − Yr
2Xr
, (21)
6which still depends on a. Imposing the normalization condition we get
a =
|2Xr|√
8X2r + 2Y
2
r − 2Yr
√
Y 2r + 4X
2
r
. (22)
Thus we can conclude that for every set of measurements that Alice chooses, Bob can prepare a test state specified
by parameters ϕ (20) and a (22), such that with a suitable measurement in the basis specified by the states (7) and
(8) he can predict with certainty the outcome of the measurement performed by Alice.
A. Non-uniform extension
Here we extend the analysis to a more general situation where Alice decides about the measurements based on a
more general state (4). This includes the situations reachable classically, where Alice would simply favor some of the
measurements comparing to some others, but Alice could also do a more subtle change by just tweaking the phases
between different measurements.
Two obvious questions arise here: is Bob able to retain his capability of perfect guessing even for this more
complicated situation? And, to what extend does he need to adapt his strategy based on the knowledge of the state
used by Alice?
If Alice uses the state (4) instead of (1), it causes the change of (6) into
|Ψζ〉 =
A−1∑
i=0
[ζi (ααi + ββ
∗
i ) |i〉 |0〉+ ζi (αβi − βαi) |i〉 |1〉] (23)
and the post-selected states depending on Alice’s measurement outcome to
∣∣φ0ζ〉 = A−1∑
i=0
ζi (ααi + ββ
∗
i ) |i〉 (24)
and ∣∣φ1ζ〉 = A−1∑
i=0
ζi (αβi − βαi) |i〉 . (25)
The orthogonality condition then reads
〈φ0ζ |φ1ζ〉 =
A−1∑
i=0
|ζi|2 (ααi + ββ∗i )∗ (αβi − βαi) = 0. (26)
It is straightforward to see that only the absolute values |ζi|2 enter in further calculations for orthogonality, but
the phases enter into the specification of the post-selected states (24) and (25). We can further rewrite (26) to
A−1∑
i=0
(α |ζi|αi + β |ζi|β∗i )∗ (α |ζi|βi − β |ζi|αi) = 0 (27)
and redefine the parameters used in the previous subsection (11) into
a = α
ai = |ζi|αi
b = |β|
bi = |ζi| |βi|
ϕ = arg (β)
ϕi = arg (βi) . (28)
Now it is straightforward to see that the specification of the optimal probe state defined by (22, 21, 20) combined
with (28) is valid for the more general nonuniform case as well. Moreover, the definition of the probe state only
depends on the absolute values of the parameters ζi, meaning Bob only needs the information about the frequencies
of measurements beforehand. On the other hand, phases of ζi enter into the specification of the two post-selected
states that Bob needs to distinguish. So before performing his measurement, Bob needs to know the phases as well.
7IV. MEASUREMENTS ON A LARGER SYSTEM
It was recently shown in [1] that for a specific case of two unbiased measurements, perfect guessing of their outcomes
on a system larger then a qubit is not possible. From one point of view it sounds natural that with more possible
measurement results the outcome will be harder to guess. Especially if B > A, the amount of information extractable
in principle from the state Bob gets from Alice is smaller than the amount Bob needs for perfect guessing. On the other
hand, by increasing the number of possible measurements A, Bob gets a larger system and, at least in principle, it
could be easier for him to learn the outcome of the measurement. Let us now analyze in detail the simplest non-trivial
configuration, namely the case of three unbiased measurements on a qutrit system.
A. Three unbiased measurements on a qutrit
Similarly as in the previous section, we characterize the state prepared by Bob by
|ψ〉 = α |0〉+ β |1〉+ γ |2〉 . (29)
Alice shall perform measurements in one of mutually unbiased bases. These are generally defined for prime d by
|Mk〉i =
1√
d
d−1∑
j=0
ωkj
2+ij |j〉 , (30)
where d is the dimension of the system, k is the index of the base (starting from 0) and ω = e(
2pii
d ) [30]. These bases
can be obtained from the computational basis by applying a unitary transformation defined element-wise by
Uk[i, j] =
1√
d
ωkj
2+ij . (31)
We take (31) as the unitary operations associated with measurements (2) and build up the conditional operation (3).
For the specific case of a qutrit, the operations performed by Alice before measurement are
U†0 =
1√
3
 1 1 11 ω2 ω
1 ω ω2
 , U†1 = 1√
3
 1 ω2 ω21 ω 1
1 1 ω
 , U†2 = 1√
3
 1 ω ω1 1 ω2
1 ω2 1
 , (32)
where ω = e(
2pii
3 ). The common state of Alice and Bob after performing conditional operation by Alice and before
the measurement reads
|Ψ〉 = 1√
3
|0〉 (α |0〉+ α |1〉+ α |2〉+ β |0〉+ ω2β |1〉+ ωβ |2〉+ γ |0〉+ ωγ |1〉+ ω2γ |2〉)+ (33)
+
1√
3
|1〉 (α |0〉+ α |1〉+ α |2〉+ ω2β |0〉+ ωβ |1〉+ β |2〉+ ω2γ |0〉+ γ |1〉+ ωγ |2〉)
+
1√
3
|2〉 (α |0〉+ α |1〉+ α |2〉+ ωβ |0〉+ β |1〉+ ω2β |2〉+ ωγ |0〉+ ω2γ |1〉+ γ |2〉) .
Now the three post-selected states that are sent to Bob, based on the result obtained by Alice can be determined
|φ0〉 = α+ β + γ
3
|0〉+ α+ ω
2β + ω2γ
3
|1〉+ α+ ωβ + ωγ
3
|2〉
|φ1〉 = α+ ω
2β + ωγ
3
|0〉+ α+ ωβ + γ
3
|1〉+ α+ β + ω
2γ
3
|2〉
|φ2〉 = α+ ωβ + ω
2γ
3
|0〉+ α+ β + ωγ
3
|1〉+ α+ ω
2β + γ
3
|2〉 .
To allow Bob unambiguously guess the output of Alice, these three states need to be perpendicular to each other.
To achieve that, they need to be pairwise perpendicular, which bring us to three equations (perpendicularity of pairs
|φ0〉⊥ |φ1〉, |φ0〉⊥ |φ2〉 and |φ1〉⊥ |φ2〉)
(α+ β + γ)
∗ (
α+ ω2β + ωγ
)
+
(
α+ ω2β + ω2γ
)∗
(α+ ωβ + γ) + (α+ ωβ + ωγ)
∗ (
α+ β + ω2γ
)
= 0 (34)
(α+ β + γ)
∗ (
α+ ωβ + ω2γ
)
+
(
α+ ω2β + ω2γ
)∗
(α+ β + ωγ) + (α+ ωβ + ωγ)
∗ (
α+ ω2β + γ
)
= 0(
α+ ω2β + ωγ
)∗ (
α+ ωβ + ω2γ
)
+ (α+ ωβ + γ)
∗
(α+ β + ωγ) +
(
α+ β + ω2γ
)∗ (
α+ ω2β + γ
)
= 0.
8We can subtract the first two equations of (34) and get
(α+ β + γ)
∗ (
ω2 − ω) (β − γ) + (α+ ω2β + ω2γ)∗ (ω − 1) (β − γ) + (α+ ωβ + ωγ)∗ (1− ω2) (β − γ) = 0. (35)
This can be further decomposed to
ω (ω − 1)2 (β − γ) (β + γ)∗ = 0. (36)
Let us analyze the two possible solutions of (36).
1. β = γ
If β = γ, from the third equation of (34) we get∣∣α+ (ω2 + ω)β∣∣2 + |α+ (1 + ω)β|2 + ∣∣α+ (ω2 + 1)β∣∣2 = 0,
which can obviously only be satisfied for α = β = 0, leading to the trivial non-normalizable solution α = β = γ = 0.
2. β = −γ
For the second solution of (36), we get from the first equation of (34)
α∗
(
α+ ω2β − ωβ + α+ ωβ − β + α+ β − ω2β) = 3 |α|2 = 0.
Plugging this into the third equation of (34) yeilds(
ω − ω2)2 |β|2 + (ω2 − 1) (1− ω2) |β|+ (1− ω) (ω − 1) |β|2 = 0,
which only has a trivial solution β = 0, leading again to the trivial non-normalizable solution α = β = γ = 0. This
concludes the proof there there does not exist a probe state for Bob that would allow him to learn with certainty the
outcome of the measurement performed by Alice.
B. Parameter counting
In the previous paragraphs we have shown that unlike the qubit case, for three unbiased measurements on a qutrit
Bob is not able to prepare a probe state that would allow him to guess the outcome of the measurement performed
by Alice with probability 1. This however cannot be explained by the simple argument valid for two measurements
on a qutrit, namely that the state obtained by Bob cannot contain enough information to guess the result. Also in a
different perspective discussed in [1], three measurements on a qutrit allow to build up a maximally entangled state
between Alice and Bob and yet it is not sufficient for reliable guessing. Here we argue by parameter counting that
this is a general feature of the game for any system larger than a qubit, independently on the number of distinct
measurements.
In the most general case, Bob designs a probe state by specifying 2B − 2 real parameters. He then receives a state
of a dimension A, which can be viewed as a mixture of post-selected states specified by the number of B possible
outcomes of the measurement performed by Alice. For successfully learning the measurement outcome, all these states
have to be perpendicular to each other. This is naturally impossible for B > A, simply due to the dimension of the
space, except for special cases discussed below.
Independently on A, perpendicularity of B different states can be obtained by fulfilling B (B − 1) simple equations
for real parameters. Interestingly, for a qubit (B = 2) it holds
B (B − 1) = 2B − 2
and thus the number of free parameters is equal to the number of equations to fulfill. In the previous section we have
shown that a solution always exist.
For any B > 2 it holds
B (B − 1) > 2B − 2.
9Hence, for a general situation not all the equations can be fulfilled and thus Bob cannot guess Alice’s outcome with
certainty. The exceptions are formed by a subset of measurements chosen by Alice that are of a measure zero within
all possible set of measurements. The relative cardinality of the subset decreases with increasing B due to the fact
that Bob’s choice of the probe state can only lead to fulfilment of a linear portion from the quadratically increasing
set of conditions and the rest needs to be guaranteed by the selection of measurements.
C. Special cases
Let us analyze here, what properties need to be fulfilled for the set of measurements selected by Alice to allow Bob,
at least in principle, to guess with certainty the result of Alice’s measurement. Let us discuss first the case of B > A,
which is easier to tackle.
Apparently, by measuring a state of dimension A, Bob only can learn up to A different outcomes. Thus he needs
to have some a-priori information about the possible outcomes of Alice’s measurement, which have B > A possible
outcomes. Moreover, as we are interested here in perfect guessing, this a-priori information needs to be complete in a
sense that Bob needs to know about some of the possible outcomes that they do not appear at all – the other option,
knowing with certainty that a result will appear corresponds to the almost trivial case of all measurements sharing
the same eigenstate.
To achieve this, there must exist a probe state for which at least B − A measurement results (for each and every
measurement) appear with zero probability. This can only be realized if all measurements share a common subspace
of a dimension of at least B −A by choosing the probe state perpendicular to this subspace. This naturally leads to
a condition that this subspace must have a dimension smaller than B (there still must exist at least one dimension
outside the subspace in which the probe state can exist).
So we can summarize that the necessary condition for perfect guessing in the case B > A is that there exist a
decomposition of the B-dimensional Hilbert space into two non-trivial subspaces such that at least one of them is of
a dimension of at least B −A and for each measurement, each of its results falls strictly into one of these subspaces.
However, this condition is not sufficient – even if it is fulfilled, the probe state needs to satisfy also the condition of
mutual perpendicularity of the post-selected states in the form (34).
To check this condition, let us set the dimension of the Hilbert sub-space containing the probe state to C. Then
we arrive at 2 (B − C) conditions on the probe state due to the perpendicularity to the rest of the Hilbert space and
2C (C − 1) conditions for the mutual perpendicularity of the post-selected states. This leads to in total 2B−4C+2C2
conditions, which can be (potentially) satisfied using 2B−2 parameters of the probe state only for C = 1. This however
again leads to the semi-trivial solution of a single shared eigenstate, i.e. that the result of each measurement is perfectly
predetermined.
For the case B ≤ A the situation is a bit more complicated. Here Bob gets a state of a dimension that allows him,
at least in principle, to learn enough information for perfect guessing. This is also the case for qubits, as investigated
in the previous section, where Bob can guess in all cases. This result also can be used to show instances where perfect
guessing is possible in higher dimensions.
If we choose B = 2n, we can view the probe state prepared by Bob as an n-qubit state and prepare it in the form
of products of (5). We can restrict Alice to use only measurements factorable on these two-level subspaces, the same
for all measurements. But even this is not enough, the set of measurements shall include all the combinations of
different measurements on different qubits with the same weight (or appropriate relative weights for the non-uniform
extension). For this, rather restricted, but still non-trivial set of measurements used by Alice, one can use procedures
presented in the previous section to prepare a probe state that shall allow Bob’s perfect guessing. This example shows
that the solution based on a single shared eigenstate presented above is not unique for systems larger than a qubit.
V. CONCLUSION
We have analyzed to what extent the impossibility of guessing an outcome of one of a prescribed set of measurements
is connected with the inaccessibility of quantum information about the choice of the measurement. Interestingly, we
have shown that specifically for two-dimensional systems (qubits), availability of coherent quantum information about
the choice allows to correctly guess the outcome of any measurement from any predefined set by choosing a proper
probe-state and final measurement. Both of these choices depend on the particular form of the measurements in the
set, as well as on frequencies of their appearance in the more complex scenario.
Interestingly, the situation changes dramatically for larger systems. We have shown explicitly that for three mea-
surements in mutually unbiased bases performed on a qutrit, perfect guessing is not possible anymore. We have also
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shown that this is a general feature for all higher dimensional systems and sets of measurements for which guessing
is possible form a subset of measure zero among all possible sets.
This result highlights the fundamental difference between the quantum properties of qubits and higher-dimensional
systems, manifested e.g. by (non-)existence of bound entanglement [31], or (non-)existence of non-contextual hidden
variable models [32]. Its direct manifestation in the proposed guessing game motivates further research of direct use
of higher-dimensional states in secure quantum communication, potentially offering higher level of protection against
adversaries.
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